Abstract. This paper considers analytical issues associated with the notion of the energy release rate in quasi-static elastic crack propagation.
/Xnn ='f(') on C, where the constant/x > 0 is the shear modulus of the elastic material, f represents the given traction on C, and r is arc length, measured positive counterclockwis.. The derivative in (2.2) is in the direction of the unit outward normal vector n on C. The faces of the crack are to be traction-free, so that (2.3) u,2 0 at x2 0+, O<xl</.
Further, (2.4) u is bounded on (l).
In the model of quasi-static crack propagation envisaged here, the crack lengthens in time by propagating to the right only; is taken to be a strictly increasing function of the time. Without loss of generality, we may then in fact identify with the time.
We assume the existence of a solution u u(x;/)= u(xl, x2; l) to the problem (2.1)-(2.4) which is defined and three times continuously differentiable with respect to (x, l) on the three-dimensional region characterized by x e (1), 0 <l <-lo, for some fixed, positive l0 such that the point (lo, 0) lies inside C. It is further assumed that u and all of its derivatives of order up to and including three possess limits as a point (x 1, 0) on the crack is approached from above, provided 0 < x < I. These limits are assumed to be continuous functions of (x l, l) for 0< x l< l, 0< l-< 10. Finally, we make analogous assumptions for the corresponding limits as the crack is approached from below. 3 Except for cases corresponding to very special choices of the loading f, Vu is unbounded at both crack-tips.
Our assumptions clearly impose restrictions on the given traction f. We leave aside the question of determining conditions on f and C which assure the existence of a solution u(x; l) of the assumed smoothness.
We shall first prove that the energy in (1) ti(x;/) =---(x; l).
g'(l) represents the excess of the power supplied by the external traction over the rate of increase of stored energy, and thus may be interpreted as the rate at which energy is made available for the formation of new free surface during the process of crack propagation. Using only the assumptions stated above, 4 we shall prove that (2.9) (l)-
where Fr is a circle of radius r centered at the moving crack-tip x l, x2 0, s is arc length on Fr (increasing counterclockwise), and n is the unit normal vector on F which points away from the crack-tip; n is the x 1-component of n. Thus g (l) depends only on the local behavior of 7 u near the moving crack-tip (and not directly on ti). We shall also prove that g' (l) => 0.
In order to establish these results, we need some estimates pertaining to the behavior of u and tJ near the crack-tips. In this connection it is necessary to observe first that fi satisfies (2.10) a =0 on(t), =0 We now consider the local behavior of harmonic functions near a crack tip. Further, let l"r, 0 < r <--a, at present be the circle of radius a centered at the origin, and denote by r, 0< r <-a, and r, 0< r < a, the sets of those points in @ which lie respectively inside and outside 1-'r.
Let(r, 0) be a function defined on @ with the following properties:
A. q 2(), and q and its derivatives (0 and q0 possess limits as 0-->+r, 0 < r _-< a these limits are continuous functions of r, 0 < r <-a.
B. o is mean-square bounded on ; i.e., there is a constant rn -> 0 such that We note that has property B if q is bounded on .
The principal conclusions concerning functions with properties A-D relate to the energy distribution associated with and form the basis of the analysis to follow.
The energy E(r) in r associated with q, defined by (3 (3.13) g2(r) m2rg'(r), 0 < r a. Suppose first that g(0+) < 0. Then, for some r2, 0 < r2 < a, one has g(r) < 0 or 0 < r r2.
Integrate (3.13) from r to r2, where 0 < r < r=, obtaining (3.14) log r,m2[ From (3.17), (3.9), it follows that F(0+)= g(a) is finite. But (see (3.5) , (3.8), (3.9)), (3. With a as above, let I"r Fr(l) 0 < r _-< a, be the circle of radius r centered at x l, x2 0, and let stand for the set described by (3.1), where r, 0 are now (moving) polar coordinates centered at the right crack-tip. As in 3, r denotes the set of those points in which lie inside Fr, 0 < r < a. Define It may be remarked that a more refined argument, using more detailed properties of v, can be used to prove that 6 is actually continuous at the moving crack-tip, 9 and not merely mean-square bounded as asserted in (4.14). Since (4.14) is sufficient for our purposes, we omit the proof of the continuity of 6.
As remarked earlier, Vu is in general not boundedor even mean-square boundednear a crack tip. According to (4.2) and (4.14), therefore, fi would in general not be bounded near the moving crack-tip.
Analysis parallel to that given above can be carried out near the left (fixed) crack-tip. One sets We omit the details. 5 . Energy release rate. It is clear from the local considerations of the preceding section that the energy E(l) of (2.5) associated with the boundary value problem (2.1)-(2.4) is finite. In order to study E(l), we let F(r1), F 2) be circles of radius r, 0 < r <_-a, centered at the left and right crack-tips, respectively. 11 Let r(1) be the set of those points which lie in (l) but outside F(rl) d r(r2), 0< r _--< a. An application of the divergence theorem to the integral of (/z/2)lVu 12 over r(1), accounting for the presence of the crack and making use of (2.1), (2.3), followed by the limit r 0, leads easily to the conclusion that
as claimed in (2.6).
Since the given traction f on C is independent of l, it follows immediately from
An alternative expression for/(l) may be obtained from (5.2) by proceeding as follows. As to the integral I(r, l), one shows by a similar argument based on (4.18), (4.19) and (4.20 Here n is the unit normal on F a) pointing away from the crack-tip, and n cos 0 is its x-component. The integral in (5.21) is the usual J-integral of fracture mechanics discovered by Eshelby [4] and independently by Rice [11] . As these authors have shown, and as is easily verified, J is independent of r. In fact, the integral In order to show that (1) 0, it is convenient to introduce a function (l, l') as follows: for 0 < l' < lo, set 
P(t) -(t).
Let F(')r,r]-(2) be circles of radius r centered at (0, 0) and (l, 0) as before, and let F(3)r be a circle of radius r centered at (l', 0), where 0 < l' < I. Let r(l, l') be the set of those points in (l) which lie outside Fa)+ I'2)+ F 3). Set Or(l, l') P)+r-)+r 3) By using the crack-tip estimates of 4, one can show that Qr(l, l') 0 as r 0. Letting r 0 in (5.30) and noting r(l, l') (l, l') as r 0, we obtain (5.32) But (5.33) (l, l') >-(l, l) P(1), 0 < l' < I. 
